In this paper, we establish the global existence of smooth solutions of the three-dimensional MHD system for a class of large initial data. Both the initial velocity and magnetic field can be arbitrarily large in the critical norm.
Introduction
Magnetohydrodynamics (MHD) is to study the dynamics of the velocity and magnetic fields in electrically conducting fluids such as plasmas, liquid metals, and salt water or electrolytes.
In this paper, we consider the Cauchy's problem for the incompressible MHD system in three space dimensions u t + u · ∇u − h · ∇h + ∇q = ν∆u t > 0, x ∈ R 3 , (1.1)
2)
3) 4) where u denotes the fluid velocity, h the magnetic field, q the pressure, ν the viscosity, µ the magnetic diffusivity, ν and µ are positive constants. u 0 and h 0 are the initial data which satisfy
and u 0 , h 0 ∈ C ∞ (R 3 ).
(1.6)
The equation (1.1) is the law of conservation of momentum, (1.2) is the induction equation and (1.3) reflects the conservation of mass. Besides its widely applications in physics, it remains an outstanding mathematical problem whether there always exists a global smooth solution for smooth initial data.
In the case that the magnetic field h is a constant vector, that is, in the case of the Navier-Stokes equations, the global well-posedness of strong solutions in three space dimensions has been studied by many authors for small initial data in various spaces, for example, in Sobolev spaceḢ s , s ≥ 1 2 by Fujita and Kato [6] (see also Chemin [3] ), in Lebesgue space L 3 (R 3 ) by Kato [7] , in Besov spacesḂ
−1+
3 p p,∞ , n < p < ∞ by Cannone [2] and Planchon [14] , and in the larger space BMO −1 by Koch and Tataru [8] . These small data global existence results can be extended to MHD system with non-trivial magnetic field h provided that both the initial velocity field u 0 and the initial magnetic field h 0 satisfy appropriate smallness conditions. For example, see [5, 15, 17] . The MHD system (1.1)-(1.4) is called the ideal MHD system if ν = 0 and µ > 0. In [9] , Lei proved the global regularity of axially symmetric solutions to the system of incompressible ideal magnetohydrodynamics in three space dimensions by inspiration of the axially symmetric Navier Stokes equations, while the initial data is not required to be small. The MHD system (1.1)-(1.4) is called non-resistive MHD system if µ = 0 and ν > 0. Lin and Zhang [13] established the global well-posedness of the imcompressible MHD type system with initial data close to some equilibrium states in three space dimensions. Similar results were also obtained in two space dimensions by Lin et al [12] . Zhang [18] , Ren et al [16] provided two simplified proofs of the main result in [12] . For the MHD system (1.1)-(1.4) with µ = 0 and ν = 0, Bardos et al [1] proved the global existence of the smooth solution when the initial data is close to the equilibtium state.
The aim of this paper is to construct global smooth solutions to the Cauchy's problem of MHD system (1.1)-(1.4) with a class of large initial data in three space dimensions. Our result generalizes that of Lei et.al [11] for the 3-D incompressible Navier-Stokes equations to the case of MHD with large velocity fields and large magnetic fields. We also give a simple and completely different proof than that of Lei et al [11] . Their proof relies on energy estimates and works in the physical space variables while our proof works in the Fourier Transforms variables. We first establish a stability result for the MHD system which generalizes a small data global well-posedness result of Lei and Lin [10] for the 3-D incompressible Navier-Stokes equations. We then explore the structure of the nonlinear term of the MHD to show that our data is 'nonlinearly small' in the sense of Chemin and Gallagher [4] . Our main result can be stated as follows. 
where α 1 , α 2 are two real constants and v 0 (x) has the following properties
Then there exists an positive constant ε sufficiently small, and depending only on µ, ν, k, α 1 , α 2 and M such that the Cauchy problem (1.1)-(1.4) has a global smooth solution provided that
Remark. v 0 (x) satisfies (i) − (iv) have been constructed by Lei et al [10] . In the limiting case of δ = 0, ∇ × v 0 = v 0 , and the flow is called Beltrami flow.
Remark. The constant M can be arbitrary large, so our initial data can be arbitrary large .
Finally, we remark that it is an open problem if there would still have global existence for the type of initial data in Theorem 1.1, if α 2 = 1, µ = 0.
Proof of the main result
Let f satisfies the heat equation
and the condition ∇ · u 02 = 0
In a similar way, let g satisfies the heat equation
and the condition ∇ · h 02 = 0
In the beginning of this section, we do not require u 02 , h 02 be the the form of (1.10) (1.11), we only assume that
2) can be written as follows
where
into the presure term and noting the divergence free condition, we finally get
is the projection to the divergence free fields. Similarly,
we first prove a stability result which generalizes a theorem of Lei and Lin [10] .
Theorem 2.1. Consider the system of equations (2.11)-(2.14), suppose that f satisfies (2.1)(2.2) and g satisfies (2.3)(2.4) and suppose that (2.5) holds. Then there exists a small positive constant δ 0 depending only on µ, ν and M such that (2.11)-(2.14) has a global smooth solution satisfies 
taking a inner product of (2.19), (2.20)
|ξ| respectively, we get
, taking the real part of (2.21) and (2.22) we obtain 
(2.25)
By using the technics of Lei and Lin [10] 2 ≤ |ξ − η||η|
we get
To estimate II, we divide the case |ξ − η| ≤ L and |ξ − η| ≥ L, then
(2.28) By (2.5), we have
so we get
(2.30)
We prove (2.15) by induction, we assume that
provided that δ 0 is sufficiently small. We take L in such a way that
then we finally get
By Gronwall's inequality, we get 
we have
where δ is sufficiently small, F (t, ξ) will be supported on |ξ| ≥
On the other hand
if µ = ν then f × g = 0. So we consider the case µ < ν, the case µ > ν can be considered in a similar way.
f × g(t, ξ) 
